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BRIDGELAND WALL-CROSSING FOR SOME SIMPSON MODULI
SPACES ON P1 × P1
MATTEO ALTAVILLA
Abstract. We investigate the wall-crossing behavior as Bridgeland moduli spaces for
some Simpson moduli spaces of Gieseker-semistable torsion sheaves on P1×P1 with linear
Hilbert polynomial. In particular, we recover some of the birational transformations of
these spaces described in [Mai17], [CM17] and [CM14] as wall-crossing maps in certain
slices of Stab(P1 × P1).
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1. Introduction
Bridgeland first introduced stability conditions on triangulated categories in [Bri07] as
a tool to approach Douglas’ theory of D-branes, and then applied it to the study of a
smooth projective varieties via the bounded derived category of coherent sheaves Db(X),
starting with K3 surfaces in [Bri08]. The main result of this theory is the existence of a
complex manifold Stab(X) parametrizing all such stability conditions, which has several
nice features such as a wall-and-chamber structure, group actions, covering properties.
This field has grown quickly in the past decade, even though the very existence of such
stability conditions for a specific variety X is already something that needs a lot of effort
to be proven. For curves all is known (see [Mac07]), while for surfaces a great deal of
general machinery has been developed for the study of the structure of Stab(X) (see for
example [Bri08], or [MS17] for a survey); the most recent results in this direction have been
achieved in [BMS16], [Li16] and [BMSZ17], with the construction of Bridgeland stability
conditions for abelian and Fano threefolds, the ultimate goal being the non-emptiness of
the stability manifold for Calabi-Yau threefolds.
Another important aspect of this theory is the study of moduli spaces of semistable
objects Mσ(v) of a given class v as σ varies in Stab(X). First of all, when the coarse
moduli spaces exist, it is not always true that they are projective, even if they always
carry a nef line bundle ([BM14]); projectivity has been proven in several cases like P2 in
[ABCH13], K3’s in [BM14], Enriques surfaces in [Neu16], del Pezzo surfaces of Picard rank
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2 MATTEO ALTAVILLA
1 in [AM17], but it remains still open in general, since the known proofs usually rely on
special techniques like Fourier-Mukai transforms or quiver representations.
Once one gets a hold on some particular moduli spaces, the next question is the study
of its birational geometry via wall-crossing: we know that Bridgeland moduli spaces for a
fixed class of objects in the derived category are constant inside a chamber of Stab(X),
and it undergoes some birational surgery when crossing a wall. Several known birational
transformations between moduli spaces have been realized as Bridgeland wall-crossings;
the first prominent result in this sense was the one in [ABCH13], where the authors proved
that the entire Minimal Model Program (MMP) for the Hilbert scheme of points on P2
could be realized by subsequent wall crossings along a ray in Stab(P2).
After that, the same result was proven for the moduli space of any class on P2 in [LZ18],
for K3’s in [BM14], for Enriques surfaces in [Neu16] and partially for the Hilbert scheme
of points on P1 × P1 and the first del Pezzo surface in [BC13].
Even when the wall-crossing does not yield the entire MMP, we can still recover crucial
information about the birational geometry of the moduli spaces from it, especially when
we are able to identify one of them with know projective varieties such as Gieseker moduli
spaces. Problems in this sense have been studied for example in [Sch15] and [GLHS16] for
the moduli spaces of ideal sheaves of twisted cubics and elliptic quartic curves on P3.
In the present paper we address the case of certain Simpson moduli spaces of Gieseker-
semistable torsion sheaves on P1 × P1, for which a lot of birational geometry is known
from the work in [Mai17], [CM17] or [CM14]; we proceed as follows: in Section 2, we recall
the basic results from the theory of Bridgeland stability conditions on surfaces and we
present some preliminary definitions and computations for the case in exam; in Section 3
we go over the wall-crossing behavior for three different moduli spaces of torsion sheaves,
recovering most of the birational results from [Mai17], [CM17] and [CM14]; finally, in the
Appendix we carry out some calculations needed in the Theorems from Section 3.
Acknowledgements. The author would like to thank Aaron Bertram for introducing him
to the subject and for many useful discussions.
2. Preliminaries
2.1. Preliminaries on Bridgeland stability on surfaces. Throughout this section X
will be a smooth projective surface, even if some of the first results hold in more generality
for higher dimensional smooth projective varieties. We omit most of the proofs for the
sake of simplicity, and we refer to [MS17] for a complete and exhaustive treatment of the
subject whenever a reference is not indicated explicitly.
We will denote by Db(X) the bounded derived category of coherent sheaves on X and
by K0(X) = K0(Coh(X)) the Grothendieck group of X, equipped with the group homo-
morphism ch: K0(X)→ H2∗(X,Q), i.e. the Chern character.
Definition 2.1. A slicing P of Db(X) is a collection of subcategories P(φ) ⊂ Db(X) for
φ ∈ R such that
• P(φ)[1] = P(φ+ 1);
• Hom(P(φ1),P(φ2)) = 0 for φ1 > φ2;
• for all E ∈ Db(X) there exists a unique Harder-Narasimhan filtration, i.e. there
exist φ1 > · · · > φm ∈ R, objects Ei ∈ Db(X) and triangles
0 = E0 // E1

// E2

// . . . // Em−1

// Em = E

A1
cc
A2
``
Am−1
bb
Am
ee
such that Ai ∈ P(φi) for all i = 1, . . . ,m.
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We then define the heart of the slicing to be P(0, 1], i.e. the extension-closure of the set
of subcategories {P(φ) | φ ∈ (0, 1]}.
Remark 2.2. Giving a slicing of Db(X) is equivalent to giving a full abelian subcategory
A ⊂ Db(X) that is also the heart of a bounded t-structure; the correspondence is obtained
exactly by setting A := P(0, 1].
Definition 2.3. A stability function on an abelian category A is an additive homomor-
phism Z : K0(A)→ C such that for all 0 6= E ∈ A we have
ImZ(E) ≥ 0 and ReZ(E) < 0 if ImZ(E) = 0.
Remark 2.4. We will always have A ⊂ Db(X), and one usually asks Z to factor through
the Chern character; if we let ch(K0(A)) := Λ (which is independent on the choice of A in
this case), we can actually assume Z : Λ→ C.
We then define
µ(E) := −ReZ(E)
ImZ(E)
to be the slope function associated to the stability function Z, where we interpret dividing
by 0 to be equal to +∞.
Definition 2.5. An object E ∈ A is called (semi)stable with respect to Z if for all proper
subobjects F ⊂ E in A one has µ(F ) < (≤) µ(E); equivalently, if for all quotients E  Q
in A one has µ(E) < (≤) µ(Q).
Definition 2.6. A Bridgeland stability condition σ = (P, Z) on X is given by the datum
of:
• A slicing P of Db(X);
• A stability function Z on its heart, called central charge;
with the following two properties:
(i) Z must be compatible with P, i.e. for all 0 6= E ∈ P(φ) we must have Z(E) ∈
R>0 · eipiφ.
(ii) Z has the support property ; there are several formulations of this condition, but
for our purposes we’ll use the following one: there exists a quadratic form Q on
Λ that is negative definite on kerZ and such that given E a semistable object,
Q(ch(E), ch(E)) ≥ 0.
Remarks 2.7. As before, a stability condition can also be thought as a pair σ = (A, Z)
with the same properties, but now A is the heart of a t-structure. Also, by definition we
have that an object E ∈ P(φ) is semistable, and we call it a semistable object of phase φ.
From the compatibility condition we can also reformulate the Harder-Narasimhan filtration
in terms of semistable objects and their phases.
We let Stab(X) be the set of Bridgeland stability conditions onX. In [Bri07], Bridgeland
introduced this kind of stability conditions and proved the following fundamental Theorem
Theorem 2.8. There exists a metric on Stab(X) such that the forgetful map
Z : Stab(X) // Hom(Λ,C)
σ(P, Z)  // Z
is a local homeomorphism. In particular, Stab(X) is a complex manifold.
We now give a description of the wall and chamber structure of Stab(X).
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Definition 2.9. Let v and w be two linearly independent vectors in Λ. A (numerical)
wall Wv,w for v with respect to w is the set
{σ = (P, Z) ∈ Stab(X) | ImZ(v) ReZ(w) = ImZ(w) ReZ(v)};
by Theorem 2.8, a wall is a real submanifold of Stab(X) of real codimension 1.
Not all numerical walls are relevant to the wall and chamber structure:
Proposition 2.10. Let v ∈ Λ and S ⊂ Db(X) be any subset of objects of class v; then
there exists a collection of walls {WSv,w} with the following properties:
(i) The collection {WSv,w} is locally finite;
(ii) For every σ = (P, Z) lying on some WSv,w, there exists a phase φ and an exact
sequence 0→ F → E → Q→ 0 of semistable objects in P(φ) with ch(F ) = w and
E ∈ S;
(iii) If σ1 and σ2 lie in the same connected component of the complement of ∪WSv,w,
then E ∈ S is σ1-stable if and only if it is σ2-stable.
In particular, the stability of a fixed object is an open condition in Stab(X)
Definitions 2.11. Walls of this kind are called actual walls for the set S. A chamber is
a connected component of the complement of the set of actual walls.
Remark 2.12. The moduli spaceMσ(v) of S-equivalence classes of Bridgeland (semi)stable
objects of class v with respect to a stability condition σ is constant inside a chamber and
when the coarse moduli exists it is always proper and separated (see [MS17]). Letting
Mσ(v) varying along a path in Stab(X) that crosses a wall at some point σ0 corresponds
to a birational surgery, and the two moduli spaces on M+ and M− on either side of the
wall con be seen as projective bundles over the space M0 at the wall in a small neighbor-
hood of the wall; indeed, we can take the objects F and Q given by Proposition 2.10 (ii)
to be stable at the wall (it’s enough for one of the two to be), so that they will be stable
in a small open set and the semistable objects in M± after the wall crossing are obtained
by taking extensions of F and Q in the other direction.
Now we turn to our attention to some results that only hold for surfaces, but first we
need a few definitions.
Definitions 2.13. Let B ∈ NS(X) be the class of a divisor; the B-twisted Chern character
of an object E is formally defined as chB(E) := ch(E) · e−B. In particular, on surfaces we
have
chB0 (E) = ch0(E), ch
B
1 (E) = ch1(E)−B ch0(E),
chB2 (E) = ch2(E)−B ch1(E) +
B2
2
ch0(E).
Let also ω be an ample class; the associated B-twisted Mumford slope (when defined) is
given by
µω,B(E) :=
ω chB1 (E)
ω2 chB0 (E)
.
For fixed ω and B we define two full subcategories of Coh(X) as follows:
T ω,β = {E ∈ Coh(X) | E is torsion or ∀ E  Q 6= 0, µω,B(Q) > 0}
Fω,β = {E ∈ Coh(X) | ∀ 0 6= F ⊂ E, µω,B ≤ 0}.
Using properties of the classical Mumford stability one easily checks that (Fω,β, T ω,β) is a
torsion pair for Coh(X), i.e. Hom(T ω,β,Fω,β) = 0 and for all objects E ∈ Coh(X) there
exists a unique short exact sequence
0→ T → E → F → 0
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with T ∈ T ω,β and F ∈ Fω,β .
We can then construct the extension-closure category
Cohω,B(X) := 〈Fω,β[1], T ω,β〉,
called the tilt with respect to the torsion pair, that has also the following equivalent de-
scription
Cohω,B(X) = {E ∈ Db(X) | H i(E) = 0 for i 6= 0,−1, H−1(E) ∈ Fω,β, H0(E) ∈ T ω,β}.
Using general results about tilting and torsion pairs from [HRS96] we get the following
Proposition:
Proposition 2.14. The category Cohω,B(X) is the heart of a bounded t-structure in
Db(X); in particular, Cohω,B(X) is abelian.
Now we explicitly define a stability function on the tilted heart as
Zω,B(E) := −
(
chB2 (E)−
ω2
2
chB0 (E)
)
+ iω chB1 (E),
with corresponding slope function
νω,B(E) =
chB2 (E)−
ω2
2
chB0 (E)
ω chB1 (E)
.
This leads us to the main Theorem regarding surfaces
Theorem 2.15. Let X be a smooth projective surface; for all ω and B the pair σω,B =
(Cohω,B, Zω,B) defines a stability condition on X. Moreover the map
Amp(X)×NS(X) // Stab(X)
(ω,B)  // σω,B
is a continuous embedding.
The support property for σω,B is given by the following quadratic form
∆ω,B(E) = (ω ch
B
1 (E))
2 − 2ω2 chB0 (E) chB2 (E),
which is easily proven to be independent of B by expansion, so we can always take B = 0
when computing it; hence we have an inequality for semistable objects, called the Bogo-
molov inequality :
Proposition 2.16. Let E be a semistable object with respect to the stability condition σω,B;
then ∆ω,B(E) = ∆ω(E) ≥ 0.
From now on we fix some ample divisor H and we focus on the family of stability
conditions of the kind σω,B given by ω = αH for α > 0 and B = βH for β ∈ R, to which
we will refer as the (α, β)-plane (or slice) corresponding to H; we will also use the subscript
(α, β) in place of (ω,B) wherever necessary, and introduce the following compact notation
which that be useful in computations:
H · chβ(F ) = (H2 chβ0 (F ), H chβ1 (F ), chβ2 (F )).
Notice also that by definition the category Cohα,β(X) is independent of α, so that we will
refer to it as just Cohβ(X); also one has ∆αH(E) = α2∆H(E), meaning that α does not
affect the Bogomolov Inequality either.
An immediate consequence of the definition of Cohβ(X) using Proposition 2.10 is the
following Lemma on the numerics of the objects involved in an actual wall, which we will
use repeatedly in the next section:
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Lemma 2.17. Let 0 → F → E → Q → 0 be a sequence defining a wall in Cohβ(X) for
an object E with H chβ1 (E) > 0; then 0 < H ch
β
1 (F ) < H ch
β
1 (E) and 0 < H ch
β
1 (Q) <
H chβ1 (E).
Proof. By definition of Cohβ(X) we have H chβ1 (F ) ≥ 0 and H chβ1 (Q) ≥ 0, which taken
together with the linearity of the Chern character on exact sequences give the other side of
the inequality for both objects as well: H chβ1 (F ) ≤ H chβ1 (E) and H chβ1 (Q) ≤ H chβ1 (E).
Now, if H chβ1 (F ) = 0 then να,β(F ) = +∞ for all α and F cannot define a wall for E;
similarly, H chβ1 (Q) 6= 0, and again by difference we get the strict inequality on the other
side as well. 
Another result that will be useful later is the following Proposition about walls for
objects that are honest sheaves:
Proposition 2.18. If 0→ F φ−→ E → Q→ 0 is a short exact sequence in Cohβ(X) and E
is a sheaf in T β, then F is also a sheaf in T β and φ is a map of sheaves, but not necessarily
injective.
Proof. From the long exact sequence in cohomology we get
0→ H−1(F )→ 0→ H−1(Q)→ H0(F ) ψ−→ E → H0(Q)→ 0,
which yields H−1(F ) = 0; this implies by definition that F is a sheaf and it is in T β ,
and moreover φ coincides with ψ. This also shows that if H−1(Q) 6= 0 we have φ not
injective at the level of sheaves, which happens exactly when F has bigger rank than E
(since H−1(Q) = kerψ must be torsion-free). 
We then have a very useful structure Theorem regarding the walls in the (α, β)-plane
for a fixed class v ∈ Λ:
Theorem 2.19. Let X be a surface, and fix a slice of Stab(X) corresponding to some
ample divisor H; moreover, fix a class v ∈ Λ. Then we have the following:
(i) The (numerical) walls for v are either semicircles with center on the β-axis or
vertical rays;
(ii) The walls are all disjoint;
(iii) The (possibly degenerate) hyperbola να,β(v) = 0 intersects all the semicircular walls
in their top point (i.e. the point right above the center);
(iv) If ch0(v) 6= 0 then there is a unique vertical wall given by the equation
β =
H ch1(v)
H2 ch0(v)
,
and on either side of it the walls are strictly nested semicircles;
(v) If ch0(v) = 0 then there is no vertical wall, and the walls are all concentric semi-
circles;
(vi) If a numerical wall is an actual wall at a point then it is a wall at every point.
We will apply Theorem 2.19 throughout the paper, alongside with two other key results;
the first one is known as Bertram’s Lemma for sheaves (or “sliding down the wall” principle),
and it holds thanks to the fact that walls in the (α, β)-plane are all disjoint (see [ABCH13]
for a proof).
Lemma 2.20. Let E be an object in T β0 ⊂ Cohβ0(X) for some β0 ∈ R, and let F φ−→ E
be an inclusion in Cohβ0 (X) at some point (α0, β0) belonging to a wall W for E (so that
by Proposition 2.18 also F is a sheaf in T β0). Then the map F φ−→ E is an inclusion of
semistable objects of the same slope in Cohβ(X) for all (α, β) ∈ W.
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Finally, we state the so-called Large Volume Limit Theorem (for a proof of this result
in the most general setting one can combine the proofs in [MS17] and [ABCH13])
Theorem 2.21. Fix H an ample divisor and let v be a class such that ∆H(v) ≥ 0;
then walls in the (α, β)-plane for objects of class v are finite and the moduli space in the
outermost chamber is isomorphic to the moduli of Gieseker-semistable objects of the same
class.
2.2. Preliminaries on P1 × P1 and torsion sheaves. From here on, X = P1 × P1;
let D1 and D2 be the divisors corresponding to the two rulings of the quadric, so that
D21 = D
2
2 = 0 and D1 · D2 = 1. It is known that D1 and D2 are generators for the
Néron-Severi and we will use the notation (a, b) for the divisor aD1 + bD2; a divisor is
ample if and only if a, b > 0, and throughout the paper we will use either H = (1, 2) or
H = (1, 1); the choice will depend on whether we need to distinguish between objects with
similar numerics or not.
Indeed, for all the computations involving an object E we will always consider the
quantity d = H · ch1(E), so that objects with different first Chern classes may have
the same value for d; we will call the triple (rk(E), H · ch1(E), ch2(E)) = (r, d, c) the
invariants of the object E. More explicitly, for an object with ch1(E) = (a, b) we have
d = 2a+ b if H = (1, 2) and d = a+ b if H = (1, 1). We will also use the classical notation
O(a, b) = pi∗1O(a) ⊗ pi∗2O(b), where pi1 and pi2 are the projections onto the two factors of
P1 × P1.
Notice that for any line bundle L = O(a, b) and any choice of H the invariants of L are
all integers, since r, a and b are and ch2(L) = ch1(L)2/2 = ab; in virtue of the fact that we
have a resolution by line bundles for every sheaf on P1 × P1 (see for example [Kap88]), we
get that the invariants (r, d, c) are all in Z for any sheaf, and therefore for all objects in
Db(X).
Now let F be an object of invariants (r, d, c); by definition we have
H · chβ(F ) =
(
H2r, d−H2βr, c− βd+H2β
2
2
r
)
,
and
να,β(F ) =
c− βd+H2
(
β2
2
− α
2
2
)
r
d−H2βr .
In particular, if E is an object of invariants (0, d′, c′) with d′ 6= 0 we get
H · chβ(E) = (0, d′, c′ − βd′),
and
να,β(E) =
c′ − βd′
d′
=
c′
d′
− β.
The equation of a wall of the type W(r,d,c),(0,d′,c′) is therefore given by
(1) H2r(β2 + α2)− 2 c
′
d′
H2rβ + 2
c′d
d′
− 2c = 0,
and we can assume r 6= 0, otherwise the equation would be independent from α and β and
it would not give a wall; hence, the center and the radius for the wall are given by
(2) C =
(
c′
d′
, 0
)
R =
√(
c′
d′
)2
− 2c
′d
H2d′r
− 2c
H2r
.
We are interested in this kind of walls because in Section 3 we will investigate wall-crossing
behavior for moduli spaces of certain torsion sheaves on P1 × P1:
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Definition 2.22. Let (a, b) be a divisor on P1×P1 and let p(m) := (a+b)m+χ be a linear
polynomial in m. We defineM(0, (a, b), p(m)) to be the Simpson moduli space of Gieseker-
semistable torsion sheaves E on P1×P1 with ch1(E) = (a, b) and Hilbert polynomial equal
to p(m).
These moduli spaces are all projective by [Sim94]; moreover, the projectivity of all the
other moduli spaces in our construction is ensured by [AM17]. We conclude this section
with a technical result from [AM16] that will grant stability of at least one of the two
destabilizing objects involved in each wall crossing for Section 3, in light of Remark 2.12:
Theorem 2.23. Line bundles on P1×P1 are stable for all stability conditions of type σω,B.
3. Wall crossing
3.1. Wall crossing for M(0, (2, 3), 5m + 2). Let M = M(0, (2, 3), 5m + 2); first of all,
by [Sim94] and [LP93] we have that M is a projective variety of dimension 13. Then we
have the following Theorem from [Mai17] describing the strata of M in terms of minimal
resolutions:
Theorem 3.1. There exists a decomposition of M into three disjoint strata M0, M1 and
M2. The strata have the following properties:
(i) M0 is open inM and it corresponds to the set of sheaves E with a resolution of the
form
(3) 0→ O(−1,−2)⊕O(−1,−1) φ−→ O2 → E → 0,
having φ12 and φ22 linearly independent;
(ii) M1 is a closed subvariety of codimension 1 and it corresponds to the set of sheaves
E with a resolution of the form
(4) 0→ O(−1,−2)⊕O(−2,−1) φ−→ O(−1,−1)⊕O(0, 1)→ E → 0,
having φ11 6= 0 and φ12 6= 0; equivalently, E fits into a short exact sequence
0→ OC(0, 1)→ E → Cp → 0,
with C ∈ |O(2, 3)| and Cp the skyscraper sheaf at a point p ∈ C;
(iii) M2 is a closed subvariety of codimension 2 isomorphic to P11, and E ∈M2 if and
only if E ' OC(1, 0) for C ∈ |O(2, 3)|. Equivalently, it corresponds to the set of
sheaves E with resolution
(5) 0→ O(−1,−3)→ O(1, 0)→ E → 0.
In this section we’re going to use H = (1, 2), so that H2 = 4; by Riemann-Roch,
we have that for E ∈ M the Chern character is given by v = ch E = (0, (2, 3),−3) and
H · chβ E = (0, 7,−3− 7β), so that by (2) the walls for v in the (α, β)-plane all have center
and radius given by
(6) C =
(
−3
7
, 0
)
R =
√
9
49
+
3d
14r
+
c
2r
.
By Theorem 2.21 we also know thatM appears as the moduli spaceMσ(v) in the outermost
chamber, after finitely many walls.
From the resolutions given in Theorem 3.1, we can see that the open stratum has a
potential destabilizing subobject given by
[0→ O(−1,−1)→ O2],
which is derived equivalent to the ideal sheaf Ip,q(1, 1) for p, q two points on the quadric, and
has Chern character (1, (1, 1),−1); this means that the objects Ip,q(1, 1) and O(−1,−2)[1]
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determine a wall W0 of radius R0 =
√
16
49
=
4
7
below which no sheaf in the open stratum
can be stable. Therefore,W0 is a candidate to be a collapsing wall for this moduli space and
indeed we’ll prove in Theorem 3.4 that it is, and that this is the only wall at which sheaves
in the open stratum are destabilized when coming down from the Gieseker chamber. For
now, we restrict our attention to the possible numerical walls that have radius bigger than
R0.
Proposition 3.2. There are only two possible numerical walls for the class v = chE =
(0, (2, 3),−3) with radius bigger than R0, when H = (1, 2). In fact, if a sequence 0 →
F → E → Q → 0 defines one of such walls, the invariants for F (resp. Q) can only be
(r, d, c) = (1, 1, 0) or (1, 2, 0).
Proof. From the general equation of a wall (1) we know that r 6= 0, otherwise the equation
becomes independent of α and β; moreover we can assume that F has positive rank, since
this argument is symmetric in F and Q and r(F ) + r(Q) = 0.
Let then F be a destabilizing subobject for an object of class v along a wall of radius
R > R0; by Bertram’s Lemma, F has to be a subobject at every point of the wall, and
if R > R0 then the wall must intersect the vertical lines β = −3/7 + 4/7 = 1/7 and
β = −3/7− 4/7 = −1 for positive α, so that in particular F must be a subobject for those
values of β.
By Lemma 2.17, we have
4
7
r < d < 7 +
4
7
r and − 4r < d < 7− 4r;
since d must be an integer, the first inequality tells us that d ≥ 1 for all r ≥ 1, while the
second inequality gives d ≤ −1 when r ≥ 2. This means we must have r = 1. Now when
r = 1 the second inequality yields d < 3, which only leaves us with d = 1 or d = 2.
The Bogomolov inequality for F yields d2 − 8c ≥ 0, so that c ≤ d
2
8
; moreover, since the
wall must have radius bigger that R0, by (6) we also have that
3d
14
+
c
2
>
1
7
, which yields
c >
2− 3d
7
. Since c must be an integer we have c = 0 both for d = 1 and d = 2, which
proves the claim. 
Let W2 and W1 be respectively the outermost and innermost wall from Proposition 3.2.
Using similar numerical arguments we can also prove the following Lemma
Lemma 3.3. Let H = (1, 2).
(a) For all α > 0 and β <
1
4
, the only tilt-semistable object with invariants (1, 1, 0) is
the line bundle O(0, 1);
(b) For all α > 0 and β <
1
2
, the only tilt-semistable objects with invariants (1, 2, 0)
are the line bundles O(1, 0) and O(0, 2).
Proof. (a) By definition, β =
1
4
is the vertical wall for any class of invariants (r, d, c) =
(1, 1, 0) when H = (1, 2), and the sheaf O(0, 1) is in Cohβ(X) for β < 1
4
. Now
let E be an object of a certain class w with those invariants: the equation of the
hyperbola να,β(E) = 0 is
2(β2 − α2)− β = 0
so that the left branch intersects the α-axis at the origin; hence by Theorem 2.19
every numerical wall will have a point on it with β = 0. Therefore, for there to be
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a wall given by a subobject F , by Lemma 2.17 we would have that 0 < d(F ) < 1:
since d must be an integer, we conclude that there are no walls and therefore E
is always stable or unstable on either side of the vertical wall. Now suppose E is
stable on the left side of the vertical wall: by the Large Volume Limit, E must be
a Gieseker (semi)stable sheaf of class w. Given those invariants, there exists k an
odd integer such that
w =
(
1,
(
1− k
2
, k
)
, 0
)
,
so then E′ = E ⊗O
(
−1− k
2
,−k
)
is a torsion-free sheaf such that
ch(E′) =
(
1, (0, 0),−k(1− k)
2
)
.
By embedding E′ into its double dual E′∨∨ ' O we must have −k(1− k)
2
≤ 0, and
the only possibility is k = 1 which yields ch(E′) = (1, (0, 0), 0). Then E′ ' O and
E ' O(0, 1).
(b) Again by definition, the vertical wall for all classes of invariants (r, d, c) = (1, 2, 0)
is given by β =
1
2
, and the sheaves O(1, 0) and O(0, 2) belong to Cohβ(X) for
β <
1
2
. Let E be an object of class w with those invariants, then the equation of
the hyperbola να,β(E) = 0 is given by
β2 − α2 − β = 0
while the equation of a potential wall for a subobject F of invariants (r′, d′, c′) is
(d′ − 2r′)(β2 − α2)− 2cβ + c = 0,
so that it has center at the point
(
c′
d′ − r′ , 0
)
. As before, the left branch of the
hyperbola crosses the axis at the origin, so that all semicircular walls have a point
of coordinate β = 0 thanks to which we get the inequality 0 < d′ < 2, hence
d′ = 1; moreover, since the hyperbola crosses all the walls at their top point, we
have that the centers all have negative β-coordinate. Now assume we are looking
for the largest wall on the left of the vertical wall: since by Large Volume Limit
the moduli in the outermost chamber consists only of torsion-free sheaves, from
the long exact sequence in cohomology the destabilizing object for the biggest wall
can only have r′ > 0.
Putting everything together we get c′ ≥ 0, but then the Bogomolov Inequality
for F yields 1− 8r′c′ ≥ 0, which in turn implies c′ ≤ 0; this means that c′ = 0 and
there is no largest wall, so there’s no wall at all and the only tilt-semistable objects
are torsion-free sheaves with the given invariants.
Now we just repeat the last part of the argument from (a): given those invariants,
there exists k an even integer such that
ch(E) =
(
1,
(
2− k
2
, k
)
, 0
)
,
so then E′ = E ⊗O
(
−2− k
2
,−k
)
is a torsion-free sheaf such that
ch(E′) =
(
1, (0, 0),−k(2− k)
2
)
.
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This time, this yields two possibilities: k = 0 or k = 2, so that E ' O(1, 0) or
E ' O(0, 2).

We are now ready to describe all the walls for M; see also 1 below.
Theorem 3.4. Let v = (0, (2, 3),−3) and H = (1, 2); there are three walls and four
chambers for Mσ(v) on P1×P1 in the (α, β)-plane. From the outermost to the innermost,
the walls are given by the following pairs of objects:
(i) W2 : O(1, 0), O(−1,−3)[1];
(ii) W1 : O(0, 1), [O(−1,−2)⊕O(−2,−1)→ O(−1,−1)];
(iii) W0 : Ip,q(1, 1), O(−1,−2)[1].
In the same order, the moduli spaces corresponding to each chamber are given by
(i) the Simpson moduli space M =M(0, (2, 3), 5m+ 2);
(ii) a projective variety M′ obtained from M by contracting M2 and replacing it with
M′2 ' P1;
(iii) a projective variety M′′ isomorphic to a GIT quotient, obtained from M′ by con-
tracting a P10-bundle on P1 × P1 onto its base;
(iv) the empty set ∅.
Proof. By Theorem 2.21 we know that there are finitely many walls and in the outermost
chamber we have Mσ(v) = M; by Proposition 3.2, we also know that the first potential
wall we encounter from the outside in corresponds to a short exact sequence of semistable
objects 0 → F → E → Q → 0 with E ∈ M and one between F and Q of invariants
(1, 2, 0); by Proposition 2.18 F is a sheaf so it must be F to have those invariants.
Since by (6) W2 is all on the left of β = 1
2
, by Lemma 3.3 we have that F ' O(1, 0) or
F ' O(0, 2); now using the resolutions from Theorem 3.1 we obtain Hom(O(0, 2), E) = 0
for all E ∈M, so that necessarily F ' O(1, 0). Moreover, using the same resolutions we
also see that Hom(O(1, 0), E) = 0 for E 6∈ M2, while clearly O(1, 0) is a subobject for
E ∈M2, with quotient Q ' O(−1,−3)[1] (see Appendix for all the computations).
Therefore W2 is an actual wall for M2 and on the inside of this wall M2 is replaced
by the subvariety M′2 = P(Ext1(O(1, 0),O(−1,−3)[1]) ' P(Ext2(O(1, 0),O(−1,−3)) '
P(Hom(O(−1,−3),O(−1,−2)) ' P1, so that we obtain Mσ(v) =M′.
According to Proposition 3.2, the next potential wall we encounter is W1; suppose the
wall is given by 0 → F → E → Q → 0, then by Lemma 3.3 one between F and Q must
be O(0, 1) since W1 entirely lies on the left of β = 1
4
. Now E ∈M′ is still a sheaf unless
E ∈M′2, so first we show that the stratumM′2 is not involved in this second wall-crossing.
Indeed if O(0, 1) was a quotient of E ∈M′2, from the long exact sequence in cohomology
we would get
0→ H−1(F )→ O(−1,−3)→ 0→ H0(F )→ O(1, 0)→ O(0, 1)→ 0,
and we get a contradiction from the fact that there is no map of sheaves between O(1, 0)
and O(0, 1); analogously, if O(0, 1) is a subobject we get
0→ O(−1,−3)→ H−1(Q)→ O(0, 1) φ−→ O(1, 0)→ H0(Q)→ 0,
and again since φ = 0 we get a short exact sequence
0→ O(−1,−3)→ H−1(Q)→ O(0, 1)→ 0,
which yields a contradiction once we shift it by 1, since O(−1,−3)[1] and H−1(Q)[1] are
in the heart by definition along W1, but O(0, 1)[1] is not.
So we are left with the case where E is a sheaf and O(0, 1) is the destabilizing subobject;
in a similar fashion as before (see Appendix) we can prove that Hom(O(0, 1), E) = 0 for
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E ∈ M0, so that the open stratum is not involved in this wall crossing either, leaving us
withM1 which clearly has O(0, 1) as a subobject according to (4). Hence W1 is an actual
wall for all the objects in M1 and the quotient Q is derived equivalent to the complex
[[O(−1,−2)⊕O(−2,−1) φ−→ O(−1,−1)], with the only condition that both components of
φ are non-zero. Now Hom(O(−1,−2),O(−1,−1)) = Hom(O(−2,−1),O(−1,−1)) ' C2,
so that there is a P1 × P1-worth of possible quotients obtained by varying φ, and one can
use this resolution to compute Ext1(Q,O(0, 1)) ' C11 (see Appendix), so thatM1 is a P10-
bundle over P1 × P1. When crossing on the other side of W1,M1 is replaced by the space
of extensions in the other direction; since Ext1(O(0, 1), Q) ' C (see Appendix), we have
that the wall crossing just contracts the P10-bundle onto its base. The spaceM′′ obtained
this way therefore has an open subset isomorphic to M0, and the complement is given
by two disjoint components isomorphic to P1 and P1 × P1 respectively: by Proposition
4.1 and 4.2 in [Mai17], M′′ is isomorphic to a GIT quotient W/G of a certain subset
W ⊂ Hom(O(−1,−2)⊕O(−1,−1),O2) by the group
G = (Aut(O(−1,−2)⊕O(−1,−1))×Aut(O2))/C∗.
Finally, we know again from Theorem 3.1 that the sheaf Ip,q(1, 1) is a destabilizing
subobject for the open stratum at W0, with quotient Q ' O(−1,−2)[1]; since one has
Ext1(Ip,q(1, 1),O(−1,−2)[1]) = 0 (see Appendix), we see that W0 is a collapsing wall as
expected: in fact, when crossing this wall the open stratum vanishes and this means the
other strata vanish as well, otherwise we would get a birational map from M′′ to a space
of lower dimension. This proves that Mσ(v) is empty once we cross the wall W0 and it
concludes the proof. 
Remark 3.5. The destabilizing subobjects appearing in Theorem 3.4 can be recovered
from Theorem 3.1 as maximal linear strands in the resolutions for each strata. This is also
true for the moduli spaces in the remaining sections.
Figure 1. The walls for M(0, (2, 3), 5m+ 1)
3.2. Wall crossing for M(0, (2, 3), 5m + 1). Let N = M(0, (2, 3), 5m + 1); by [Sim94]
and [LP93] we have that N is a projective variety of dimension 13. As before, we have a
structure Theorem from [Mai18] describing the strata ofN in terms of minimal resolutions:
Theorem 3.6. There exists a decomposition of N into four strata N0, N1, N2 and N3.
The strata have the following properties:
(i) N0 is open in N and it corresponds to the set of sheaves E with a resolution of the
form
(7) 0→ O(−1,−2)2 φ−→ O(0,−1)⊕O → E → 0,
where φ12 and φ22 define a subscheme of length 2;
(ii) N1 is a closed subvariety of codimension 1 isomorphic to a P9-bundle over P2×P1,
and it corresponds to the set of sheaves E with a resolution of the form
(8) 0→ O(−2,−1)⊕O(−1,−3) φ−→ O(−1,−1)⊕O → E → 0,
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having φ11 6= 0 and φ12 6= 0;
(iii) N2 is a closed subvariety of codimension 2 isomorphic to P11, and E ∈ N2 if and
only if E ' OC(0, 1) for C ∈ |O(2, 3)|. Equivalently, it corresponds exactly to the
set of sheaves E with resolution
(9) 0→ O(−2,−2)→ O(0, 1)→ E → 0.
(iv) N3 is a closed subvariety of codimension 3 isomorphic to a P1-bundle over P8×P1,
and E ∈ N3 if and only if E fits in an extension
0→ OD → E → OL → 0,
where D ∈ |O(2, 2)| and L ∈ |O(0, 1)|. Equivalently, it corresponds to the set of
sheaves E with resolution
(10) 0→ O(−2,−2)⊕O(0,−1)→ O2 → E → 0,
The strata are all disjoint except for N2and N3 which intersect along a subvariety isomor-
phic to P8 × P1 consisting of sheaves E ' OC(0, 1) with C = D ∪ L.
In this section we will be using H = (1, 1) since we don’t need to separate any walls,
hence H2 = 2; by Riemann-Roch, we have that for E ∈ N the Chern character is given by
v = ch E = (0, (2, 3),−4) and H · chβ E = (0, 5,−4− 5β), so that by (2) the walls for v in
the (α, β)-plane all have center and radius given by
(11) C =
(
−4
5
, 0
)
R =
√
16
25
+
4d
5r
+
c
r
.
By Theorem 2.21 we also know thatN appears as the moduli spaceMσ(v) in the outermost
chamber, after finitely many walls.
Here, the potential collapsing wall W ′0 is given by the object O, so that by (11) it has
radius R0 =
4
5
. The following Proposition deals with the potential walls that have radius
bigger than R0.
Proposition 3.7. There is only one possible numerical wall for the class v = chE =
(0, (2, 3),−4) with radius bigger than R0 when H = (1, 1). Indeed, if a sequence 0→ F →
E → Q→ 0 defines one of such walls we have that the invariants for F (resp. Q) can only
be (r, d, c) = (1, 1, 0).
Proof. The proof is similar to that of Proposition 3.2. As before, we can restrict to r > 0;
the two values for β we get from R > R0 are β = −4/5 + 4/5 = 0 and β = −4/5− 4/5 =
−8/5; Bertram’s Lemma and Lemma 2.17 yield
0 < d < 5 and − 16
5
r < d < 5− 16
5
r,
so that we get a contradiction for r ≥ 2; if r = 1 we can only have d = 1.
Now if r = 1 and d = 1 the condition R > R0 yields c > −4
5
and the Bogomolov
Inequality for F gives 1− 4c ≥ 0, so that c = 0. 
Let W ′1 be the wall from the Proposition 3.7; we then have the analogue to Lemma 3.3
Lemma 3.8. Let H = (1, 1); for all α > 0 and β <
1
2
, the only tilt-semistable object with
invariants (1, 1, 0) are the line bundles O(0, 1) and O(1, 0).
Proof. The proof is the exact same one as Lemma 3.3 (a) with minor adjustments due to
the different choice of H. 
We’re now ready to prove the wall-crossing Theorem for N; see also Figure 2 below.
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Theorem 3.9. Let v = (0, (2, 3),−4) and H = (1, 1); there are two walls and three
chambers for Mσ(v) on P1×P1 in the (α, β)-plane. From the outermost to the innermost,
the walls are given by the following pairs of objects:
(i) W ′1 : O(0, 1), O(−2,−2)[1];
(ii) W ′0 : O, [O(−1,−2)2 → O(0,−1)];
In the same order, the moduli spaces corresponding to each chamber are given by
(i) the Simpson moduli space N =M(0, (2, 3), 5m+ 1);
(ii) a projective variety N′ isomorphic to a projective bundle over a blow-up of the
Grassmannian Gr(2, 4); N′ is obtained from N by contracting the stratum N2 and
replacing it with N′2 ' P1;
(iii) the empty set ∅.
Proof. By Theorem 2.21 we know there are only finitely many walls and in the outermost
chamber we have Mσ(v) = N; by Proposition 3.7 we know the largest possible wall is
given by W ′1, and since N contains only sheaves we know that the destabilizing subobject
at that wall must be either O(1, 0) or O(0, 1) in virtue of Proposition 2.18 and Lemma 3.8,
being W ′1 all on the left of β =
1
2
.
Using the resolutions from Theorem 3.6 we can compute Hom(O(1, 0), E) = 0 for all
E ∈ N (see Appendix), so that we must have F ' O(0, 1); similarly Hom(O(0, 1), E) = 0
unless E ∈ N2, for which the quotient is Q ' O(−2,−2)[1]. Hence W ′1 is an actual wall
for the stratum N2 and by crossing the wall it gets replaced by the projectivization of
Ext1(O(0, 1),O(−2,−2)[1]) = Hom(O,O(0, 1)) = C2. Since N3 intersects N2 we have
that this wall-crossing also affects N3, and indeed one can see O(0, 1) being a subobject
of (9) as [O(0,−1) → O], but this can only happen when the extension splits and indeed
E ' OC(0, 1); with this interpretation, the newly obtained P1 exactly replaces the zero-
section of the P1-bundle over P8 × P1 in N3.
From [CM17], we know this operation gives a birational map from N to a new space N′
which is a P9-bundle over the blow-up of Gr(2, 4) along a P1 parametrizing lines in P3 of
type (1, 0).
Finally, W ′0 is a collapsing wall for N′: in fact, by Theorem 3.6 we know that O is a
destabilizing subobject for all the sheaves in the open stratum and also Q ' [O(−1,−2)2 →
O(0,−1)] for E ∈ N0; once we cross the wall we have Ext1(O, Q) = 0 (see Appendix) and
this is enough to say that the open stratum vanishes and we get the empty set. 
Figure 2. The walls for M(0, (2, 3), 5m+ 2)
3.3. Wall crossing for M(0, (2, 2), 4m+ 2). This example is more straightforward than
the previous two and it was already present in [CM14] in some form; we report it here for
the sake of completeness.. Let S = M(0, (2, 2), 4m + 2); by [Sim94] and [LP93] we have
that S is a projective variety of dimension 9. As before, we have a structure Theorem from
[CM14] describing the strata of S in terms of minimal resolutions:
Theorem 3.10. There exists a decomposition of S into three disjoint strata S0, S1 and
S2. The strata have the following properties:
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(i) S0 is open in S and it corresponds to the set of sheaves E with a resolution of the
form
(12) 0→ O(−1,−1)2 → O2 → E → 0;
(ii) S1 ' P8 is a divisor and it corresponds exactly to the set of sheaves E with a
resolution
(13) 0→ O(−2,−1)→ O(0, 1)→ E → 0;
(iii) S2 ' P8 is also a divisor and it corresponds exactly to the set of sheaves E with
resolution
(14) 0→ O(−1,−2)→ O(1, 0)→ E → 0.
Remark 3.11. Notice that S in this case is singular, since the Chern class of its elements
is not primitive; this can be detected also from this Theorem, by interpreting S as a moduli
of semistable objects: the singular locus corresponds to the strictly semistable objects in
the open stratum that have a subobject of the form [O(−1,−1) → O], whose slope is
always equal to that of E .
In this section we go back to using H = (1, 2); by Riemann-Roch, we have that for E ∈ S
the Chern character is given by v = ch E = (0, (2, 2),−2) and H · chβ E = (0, 6,−2− 6β),
so that by (2) the walls for v in the (α, β)-plane all have center and radius given by
(15) C =
(
−1
3
, 0
)
R =
√
1
9
+
d
6r
+
c
2r
.
In this example, the potential collapsing wall W ′′0 is given by the object O2, so that by
(15) it has radius R0 =
1
3
. The following Proposition deals with the potential walls that
have radius bigger than R0.
Proposition 3.12. There are only two possible numerical walls for the class v = chE =
(0, (2, 2),−2) with radius bigger than R0 when H = (1, 2). Indeed, if a sequence 0→ F →
E → Q→ 0 defines one of such walls we have that the invariants for F (resp. Q) can only
be (r, d, c) = (1, 1, 0) or (1, 2, 0).
Proof. The proof is similar to that of Proposition 3.2, but there are more cases to handle.
As before, we can restrict to r > 0; the two values for β we get from R > R0 are β =
−1/3 + 1/3 = 0 and β = −1/3− 1/3 = −2/3; Bertram’s Lemma and Lemma 2.17 yield
0 < d < 6 and − 8
3
r < d < 7− 8
3
r,
so that we get a contradiction only for r ≥ 3; if r = 2 we can have d = 1, and if r = 1 we
can have d = 1, 2, 3 or 4.
Let’s start with r = 2 and d = 1: since R > R0, from (15) we get
1
12
+
c
4
> 0, i.e.
c > −1
3
; on the other hand, using Bogomolov Inequality on the potential quotient Q we
obtain 25 + 16(−2− c) ≥ 0 which means c ≤ − 7
16
, a contradiction.
Now let r = 1; again by R > R0 we get c > −d
3
, while ∆(Q) ≥ 0 yields c ≤ d
2 − 16
8
,
which gives a contradiction only when d = 3 or d = 4, since c must be an integer. When
d = 1 or d = 2, instead, if we add in the Bogomolov Inequality for F itself we get c ≤ d
2
8
,
which implies c = 0 in both cases. 
We now have the a Theorem on walls for M(0, (2, 2), 4m+ 2) as well; see also Figure 3
below.
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Theorem 3.13. Let v = (0, (2, 2),−2) and H = (1, 2); there are three walls and four
chambers for Mσ(v) on P1×P1 in the (α, β)-plane. From the outermost to the innermost,
the walls are given by the following pairs of objects:
(i) W ′′2 : O(1, 0), O(−1,−2)[1];
(ii) W ′′1 : O(0, 1), O(−2,−1)[1];
(iii) W ′′0 : O2, O(−1,−1)2[1].
In the same order, the moduli spaces corresponding to each chamber are given by
(i) the Simpson moduli space S =M(0, (2, 2), 4m+ 2);
(ii) a projective variety S′ obtained from S by contracting the divisor S2 to a (smooth)
point;
(iii) a projective variety S′′ isomorphic to a GIT quotient, obtained from S′ by contract-
ing the divisor S1 to a (smooth) point;
(iv) the empty set ∅.
Proof. By Theorem 2.21 we know there are finitely many walls and in the outermost
chamber we have Mσ(v) = S; now from (15) we know that W ′′2 (resp. W ′′1 ) is all lying on
the left of β =
1
2
(resp. β =
1
2
), so that in virtue of Proposition 3.12 and Lemma 3.3 we
can replicate the exact same argument from Theorem 3.4.
In fact, the outermost wall must be given by a sheaf subobject F ; from the resolu-
tions given in Theorem 3.10 we compute Hom(O(0, 2), E) = 0 for all E ∈ S (see Ap-
pendix), so that F ' O(1, 0). Again Hom(O(1, 0), E) = 0 unless E ∈ S2, hence W ′′2
is an actual wall for the stratum S2, with Q ' O(−1,−2)[1]; one immediately computes
Ext1(O(1, 0),O(−1,−2)[1]) = Ext2(O(1, 0),O(−1,−2)) = Hom(O(−1,−2),O(−1,−2)) =
C, so that crossing the wall contracts the divisor S2 to a point; from [CM14] we know it is
a smooth point and the map is a blow-down.
Since there are no maps between O(1, 0) and O(0, 1) we know the trivial extension
obtained by crossing the first wall is not involved in the second wall-crossing; the situation
at the second wall is now completely symmetrical to the previous one and we have that
crossingW ′′1 corresponds to contracting the divisor S1 to a smooth point; again by [CM14],
the variety thus obtained is a GIT quotient isomorphic to the moduli space of semistable
sheaves on P3 with Hilbert polynomial m2 + 3m+ 2.
Finally, W ′′0 is a collapsing wall for S′′: in fact, by Theorem 3.10 we know that O2 is a
destabilizing subobject for all the sheaves in the open stratum and also Q ' O(−1,−1)2[1];
once we cross the wall we have Ext1(O,O(−1,−1)[1]) = Hom(O(−1,−1),O(−2,−2)) = 0
and this is enough to say that the open stratum vanishes and we get the empty set.

Figure 3. The walls for M(0, (2, 2), 4m+ 2)
4. Appendix
The computations from Theorems 3.4, 3.9 and 3.13 are all very similar, so we only carry
out the ones needed in Theorem 3.4, which contain all the main ideas.
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4.1. Computations for Theorem 3.4. RecallQ ' [O(−2,−1)⊕O(−1,−2)→ O(−1,−1)];
the following computations were claimed throughout Theorem 3.4:
(i) Hom(O(0, 2), E) = 0 for all E ∈M;
(ii) Hom(O(1, 0), E) = 0 for all E ∈M \M2;
(iii) Hom(O(0, 1), E) = 0 for all E ∈M0;
(iv) Ext1(Q,O(0, 1)) = C11;
(v) Ext1(O(0, 1), Q) = C;
(vi) Ext1(Ip,q(1, 1),O(−1,−2)[1]) = 0.
Proof of (i),(ii),(iii). The vanishings of these groups are all proven in the same way, so we
will only show the first one.
If E ∈M0, then Hom(O(0, 2), E) fits into the long exact sequence
· · · → Hom(O(0, 2),O2)→ Hom(O(0, 2), E)→ Ext1(O(0, 2),O(−1,−2)⊕O(−1,−1))→ . . . ,
and clearly Hom(O(0, 2),O2) = 0; also Ext1(O(0, 2),O(−1,−2)) = Ext1(O,O(−1,−4)) =
H1(O(−1,−4)) = 0 by Künneth formula and similarly for Ext1(O(0, 2),O(−1,−2)), hence
the claim for E. 
Proof of (iv). Hom(Q,O(0, 1)) fits into the long exact sequence
0→ Hom(Q,O(0, 1))→ Hom(O(−1,−1),O(0, 1))→ Hom(O(−2,−1)⊕O(−1,−2),O(0, 1))→
→ Ext1(Q,O(0, 1))→ Ext1(O(−1,−1),O(0, 1))→ Ext1(O(−2,−1)⊕O(−1,−2),O(0, 1))→ . . . ;
now Hom(Q,O(0, 1)) = 0 by definition because Q ∈ F [1] and O(0, 1) ∈ T , while we
have Ext1(O(−1,−1),O(0, 1)) = Ext1(O,O(1, 2)) = H1(O(1, 2)) = 0 thanks to Künneth
formula.
One then easily computes Hom(O(−1,−1),O(0, 1)) = C6, Hom(O(−2,−1),O(0, 1)) =
C9 and Hom(O(−1,−2),O(0, 1)) = C8, which altogether yield Ext1(Q,O(0, 1)) = C11. 
Proof of (v). Using the same complex, we now apply the functor Hom(O(0, 1), — ) to get
· · · → Ext1(O(0, 1),O(−1,−1))→ Ext1(O(0, 1), Q)→
→ Ext2(O(0, 1),O(−2,−1)⊕O(−1,−2))→ Ext2(O(0, 1),O(−1,−1))→ . . . ;
now Ext1(O(0, 1),O(−1,−1)) = Ext1(O,O(−1,−2)) = H1(O(−1,−2)) = 0 by Künneth
again, and also Ext2(O(0, 1),O(−1,−1)) = Hom(O(−1,−1),O(−2,−1)) = 0.
Moreover we have that Ext2(O(0, 1),O(−2,−1) ⊕ O(−1,−2)) = Hom(O(−2,−1) ⊕
O(−1,−2),O(−2,−1)) = C so that also Ext1(O(0, 1), Q) = C. 
Proof of (vi). Let F = Ip,q(1, 1); first of all Ext1(F,O(−1,−2)[1]) = Ext2(F,O(−1,−2)) =
Hom(O(−1,−2), F (−2,−2)) = Hom(O(1, 0), F ). Now we’re going to use the fact that we
have F ' [O(−1,−1)→ O2], and applying the functor Hom(O(1, 0), — ) we get
· · · → Hom(O(1, 0),O2)→ Hom(O(1, 0), F )→ Ext1(O(1, 0),O(−1,−1))→ . . . ;
as before Hom(O(1, 0),O2) = 0 easily, while also we have Ext1(O(1, 0),O(−1,−1)) =
H1(O(−2,−1)) = 0 again by Künneth, hence Hom(O(1, 0), F ) = 0. 
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